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1. INTRODUCTION

Mathematical definitions form the basis of the significance of the concepts and mathematical proving (Zaslavsky & Shir, 2005).
After indicated in the curriculum, the definition of a concept affects the teaching approaches to be adopted by the teachers, the
learning process of students, and the solution steps of theorems and proving (Zazkis & Leikin, 2008). Despite the significance
of mathematical definitions, they are only developed with the experience of students while learning certain mathematical
concepts and they are not usually clearly put forward and discussed within the process of teaching mathematics. However,
definitions are crucial while teaching and learning mathematics (Tall & Vinner, 1981; Vinner, 1991). McCrory and Stylianides
(2014) found that only 2 out of 16 different mathematics textbooks used within the curriculum of the Mathematics Education
programme clearly discuss mathematical definitions and their vital role in mathematics.

Levenson (2012) states that while there is an awareness of the existence of definitions, the body of knowledge on the nature of
definitions is inadequate. Wilson (1990) indicates that students experience difficulties in understanding the nature of
definitions. Some other studies (e.g., Edwards & Ward, 2004; Vinner, 1991) show that students' performances in terms of
proving and reasoning suffer from their inability to understand the roles of mathematical definitions. A study by Ball and Bass
(2000) found that primary school students were unable to decide whether the number six is odd, even, or both. The researcher
reminded the students to consider the definition of even numbers, leading to the students' realisation that the argument
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suggesting that six is an odd number contradicts the definition of even numbers discussed in the class. Similarly, the study by
Saxe and colleagues (2013) reported that when teachers sufficiently emphasise the role of mathematical definitions in their
teaching processes, primary school students provide explanations based on mathematical definitions in the case where they do
not agree with their fellow students' claims and make use of definitions in their arguments established to resolve their
disagreements.

Understanding the definitions of mathematical concepts is crucial for teachers as well. As indicated by Ball, Thames, and Phelps
(2008), subject content knowledge, which is a component of teachers' knowledge of teaching mathematics, is an important
component for teachers to be able to define concepts and know mathematical meaning. Furthermore, Ball (1990) states that
teachers must have mathematical knowledge and knowledge about mathematics. Mathematical knowledge contains the
knowledge of concepts and operations while knowledge about mathematics includes the nature of mathematical knowledge
and conceptions about mathematics as a field (Ball, 1990). For example, the conceptions among teachers regarding the
questions of what mathematical definitions are and what their roles in mathematics are constitute examples of the knowledge
on the nature of mathematics. Similarly, Edwards and Ward (2004) emphasise that the nature of mathematical definitions must
be considered as a concept in its own right and should be known by mathematics students to a certain extent. Seaman and
Szydlik (2007) stated that primary school mathematics teachers must have mathematical sophistication and that their
understanding of the definitions of concepts constituting the mathematical structure is the prerequisite for this sophistication.
Another important aspect of the equipment of teachers with the knowledge of the definitions of mathematical concepts is that
the definitions provided in textbooks may not always be correct (Smith et al.,, 2013) and that in this case, teachers must be able
to opt for or develop a useful definition that is mathematical and suitable for the students' level (Ball, 2003). To do so, teachers
must have a profound understanding of the definitions regarding mathematical topics and concepts. For instance, they must be
knowledgeable regarding the important qualities of mathematical definitions (being suitable for the axiomatic structure,
satisfying the required and sufficient conditions) or the question of which qualities are optional for teaching (e.g., elegance,
being economical). Another vital point regarding the understanding of the nature of definitions and definitions of mathematical
concepts by teachers is that definitions lay the foundations of mathematical knowledge (Mariotti & Fischbein, 1997; Vinner,
1991). Therefore, teachers may benefit from abundant learning opportunities to develop students' skills of abstraction and
definition regarding mathematical concepts (de Villiers, 1998).

The ability of mathematics teachers to translate their definition capacities into action depends on a profound understanding of
the definition process and their conceptions of the nature of mathematical definitions (Leikin & Winicki-Landman, 2000). In a
case study conducted with a high-school mathematics teacher; Johnson, Blume, Shimizu, Graysay and Konnova (2014)
demonstrated that the understanding of mathematical definitions by the teacher also affects students' process of concept
definition and participation. Another crucial consideration concerning definitions is that mathematical definitions are also
effective in the development of mathematical language and communication development in mathematics teaching. As stated by
Ball (2003), the conscious use of mathematical language is an important matter in order to understand how definitions shape
mathematical problems and what kind of a way to follow during problem-solving and reasoning. The Mathematics Course
Curriculum (Turkish Ministry of National Education [MoNE], 2018) identifies learning outcomes concerning explanations and
relevant concepts regarding the definition of numbers and operations, geometric shapes, measuring units, and algebraic
expressions. Therefore, in order to implement the curriculum, pre-service mathematics teachers must have a sound
understanding of mathematical definitions and be able to employ them. It is important to foster the right conceptions regarding
mathematical concepts in this respect. The knowledge of teachers concerning the nature of definitions and the definition of
mathematical concepts is a vital component of their subject matter knowledge. Borko and Putnam (1996) argued that the
subject matter knowledge of teachers may affect their classroom practices as well. Therefore, this reveals the importance of
pre-service teachers' knowledge and conception of definitions and of implementation of the activities based on definitions. In
addition, Gilboa, Kidron and Dreyfus (2019) stated that pre-service teachers have a little information about how they learn
mathematical definitions because they are rarely asked to make definitions. In this direction, it is important to reveal how pre-
service teachers define mathematical concepts and the teaching content that supports them to create valid definitions.

Studies on mathematical definitions generally focus on certain mathematical subjects. For example, the studies by Vinner
(1977), Dickerson and Pitman (2012), and Levenson (2012) investigated the intellectual processes of undergraduate
mathematics students while defining concepts about exponential expressions. Johnson and colleagues (2014) examined how
the definitions of mathematical concepts by high-school teachers affect the way students define geometric concepts. The study
by Dickerson and Pitman (2016) put forward that undergraduate mathematics students had a hard time coming up with
acceptable definitions for irrational numbers. Tirosh and Even (1997) studied the approaches followed by two teachers while
solving and defining the operation of (-8)1/3, identifying the advantages and shortcomings of these approaches. Some studies
concentrate on the definition of geometric concepts (de Villiers, 1998; Mariotti & Fishbein, 1997; van Dorrnolen & Zaslavsky,
2003). Unlike other studies conducted on the subject matter, the present study includes the definition of multiple mathematical
concepts, allowing the learning outcomes to be more comprehensive. This comprehensive quality is achieved by the integrated
discussion of the concepts of sets, natural numbers, integers, rational numbers, irrational numbers, and real numbers
constituting number sets. The study examines and reveals the way pre-service mathematics teachers define and conceptualise
the concepts and operations included in number sets. Pre-service teachers are not able to make sense of rational and irrational
numbers in number sets (Fischbein, Jehiam & Cohen, 1995; Sirotic & Zaskis, 2007; Toluk-Ugar, 2016) and develop their
conceptions based on the natural numbers set (Tirosh, 1998). Similarly, it is also observed that pre-service teachers lack a sound
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understanding of the meanings of the operations performed using a number or multiple numbers, leading to memorisation
(Ball, 1990; Fishbein, Jehiam & Cohen, 1995; Karatas, Guven & Cekmez, 2011; Liljedahl, Sinclair & Zazkis, 2006; Tirosh, 2000;
Toluk-Ugar, 2016). As far as number sets are concerned, it is expected from pre-service teachers to make sense of the real
numbers set by combining the sets of natural numbers, integers, rational numbers and irrational numbers (Toluk-Ugar, 2016).
In this respect, it is important for pre-service mathematics teachers to have conceptual knowledge of numbers and operations
performed with numbers.

The present study aims for pre-service mathematics teachers to be able to conceptualise number sets at the end of the teaching
process through definitions. With this study, it is aimed to provide a framework for teaching middle school mathematics teacher
candidates about the nature and roles of the concepts in number sets, through definitions, and to demonstrate its effectiveness
in conceptualising the operations performed. Such frameworks will allow other researchers to make analyses on the
mathematical definitions by pre-service middle-school mathematics teachers in the future. Furthermore, teaching concepts
through definitions, the effectiveness of which is documented for conceptualisation, would be an available choice for the
education of pre-service middle-school mathematics teachers. Therefore, the present study has potential to contribute to the
existing body of literature by explaining what mathematical definitions mean for pre-service middle-school mathematics
teachers, how they make mathematical definitions, and to what extent mathematical definitions influence the effectiveness of
teaching concepts. At the same time, it will also be beneficial for mathematics educators by identifying the effectiveness of
definitions in achieving conceptualisation among pre-service teachers during mathematics education.

In this respect, the study attempts to answer the following questions:

1. To what extent the definitions used to teach concepts are effectiveness in the definitions by pre-service teachers of the
concepts included within number sets?

2. To what extent the definitions used to teach concepts are effectiveness in the conceptualisation by pre-service teachers of
the concepts and operations included within number sets?

1.1. Theoretical Framework
1.1.1. Mathematical definition

Different researchers have varying statements regarding the characteristics required for a mathematical definition to be a good
one. Borasi (1992) identifies the qualities of a good definition as concept isolation, essentiality, non-contradiction, and non-
circularity. Concept isolation contains exemplary cases regarding the concept and all features of the definition. However, taking
one concrete example of the concept would not be sufficient for covering all features of the definition. Essentiality involves
including the terms required to distinguish the concept in question from others. Non-contradiction signifies the capacity of
involving all statements indicated in the definition in all features of the concept concerned. As for non-circularity, it means not
using the term attempted to be defined within the definition itself and a hierarchic structure based on the pre-determined
concept. Winicki-Landman and Leikin (2000) dealt with concept teaching within the context of teaching and learning and
divides the characteristics of a mathematical definition into two dimensions: a) mathematical features and b) didactic features.
Mathematical features signify the logical principles to be included while defining any given concept. As for didactic features,
they involve defining a mathematical concept in accordance with the students' level and characteristics. Winicki-Landman and
Leikin (2000) described the features constituting a good definition on the basis of studies conducted on mathematical
definitions. The first of these is naming for defining. This feature signifies that the definition must include the name of the
concept only once. For example, a definition made as "tetragon with four equal sides and angles" defines the shape square but
it is not mathematical as it does not contain the term "square". The second feature involves making the definition of a concept
only by using a pre-determined concept. The third feature dictates that a definition must satisfy the required and adequate
conditions to signify the concept in question. As for the fourth feature, the conditions included in the statement as the definition
must be at the minimum level. Finally, definition is an optional preference.

van Dormolen and Zaslavsky (2003) classified and defined the required and preferred properties in definitions as compliance
with conceptual hierarchy, existence, equivalence, compliance with the axiomatic structure, the expression of required and
sufficient conditions, and an economical characteristic. Compliance with conceptual hierarchy signifies that any novel concept
must be a special state of a more general concept (Winicki-Landman & Leikin, 2000). One or more features must be used to
describe this special state (van Dormolen & Zaslavsky, 2003). For instance, in the statement "a square is a rectangle with four
equal sides", the new concept is "square"”, the more general concept is "rectangle" and the special characteristic is "four equal
sides". Existence signifies the necessity of proving that at least one example of the defined concept must be present within the
current context. van Dormolen and Zaslavsky (2003) gives the example of circlesquare and stated that it is unnecessary to make
a definition for this concept within Euclidean geometry as it does not exist in Euclidean geometry. The criterion of equivalence
requires that in case there are multiple definitions for the same concept, all these definitions must be proven to be equivalent.
For instance, there are multiple ways of defining a square. A square can be defined as "a polygon with four equal sides and four
equal angles” and “a parallelogram with equal diagonals crossing at right angles”. Both statements may be selected as the
mathematical definition of the square, but once one is selected, the other will not be a mathematical definition but might be a
theorem and it should be proven in accordance with the definition selected (van Dormolen & Zaslavsky, 2003). The criterion of
axiomatization states that a definition must be ensured to be suitable to a deductive structure and a part of the system. All
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concepts used in the definition must be proven to be defined within the same deductive system in that order. This feature is
similar to the one defined by Winicki-Landman and Leikin (2000) as suitability to the hierarchic structure, but the emphasis on
deductive quality is what makes the two features different. As an example of this criterion, van Dormolen and Zaslavsky (2003)
defined a circle as “a figure having the same circularity everywhere”. As a circle is not defined in Euclidean geometry, the terms
“everywhere” and “circularity” cannot be defined either.

van Dormolen and Zaslavsky (2003) also suggested the criteria of being economical, elegance, and axiomatization for
mathematical definitions in addition to the required qualities. The criterion of being economic signifies not mentioning further
features of the concept while defining it unless they are necessary. For example, the definition of a square given as “a polygon
with four equal sides all four angles of which are 90°” is not an economical definition because there are extra features included.
The statement “a square is a polygon with four equal sides and 90-degree angles” fulfills the required and sufficient conditions
to define the concept of “square”. The criterion of elegance means that in order for a definition to look better, it should require
fewer symbols and the use of general basic concepts from which the new concept is derived (van Dormolen & Zaslavsky, 2003;
Vinner, 1991; Winicki-Landman & Leikin, 2000). The criterion of axiomatization identified by van Dormolen and Zaslavsky is
indicated by Freudenthal (1973) in a similar manner, signifying that considering the linked deductive structures of
mathematical definitions, one must know the chain within which the new conceptis included and be able to make the connection
accordingly (p. 416).

Zaslavsky and Shir (2005) identified obligatory and optional characteristics for a definition. Obligatory characteristics include
non-contradiction (having all conditions of a definition together) and clarity, stability in the case of representation changes, and
being hierarchical. Unlike other researchers, Zaslavsky and Shir (2005) also put forward optional criteria for definitions that
are not obligatory. Being economical is an optional characteristic of definitions. It can be seen that this feature is debatable in
terms of some aspects as far as mathematics education is concerned. In one study, Khinchin (1968) puts into question which
one of the following definitions for the operation of subtraction is better: “the operation for finding the second addend when
the sum and the first addend is given” or “the operation involving removing a number from another number”. The researcher
stated that the second expression is an explanatory definition and not a mathematical one. Such explanatory definitions allow
one to establish an explanatory connection between day-to-day life and experiences based on mathematical definitions
(Cakiroglu, 2013; Khinchin, 1968; Pimm, 1993; Usiskin et al., 1997).

1.1.2. Importance of definitions in mathematics

Itis important for learners of mathematics to ascertain the role of definitions in mathematics because one needs to comprehend
the role of mathematics and proving to understand mathematics, revealing the epistemological knowledge of learners regarding
the functional role of components (Michener, 1978). Students need to require this in order to grasp the mathematics taught to
them, which signifies intellectual absence (Harel, 2008). Similarly, teachers must also know why definitions are important in
mathematics to actualize their definitive activities. Zaslavsky and Shir (2005) stated that mathematical definitions play four
important roles in mathematics. Firstly, definitions are crucial for introducing the components of a theory and for understanding
the essence and characteristic features of a concept (Zaslavsky & Shir, 2005). The process of definition is not solely about
nomenclature but also about fully characterizing the concept. As explained by de Villiers (1998), “[A definition] is usually
accomplished by selecting an appropriate subset of the total set of properties of the concept from which all the other properties
can be deduced” (p. 2).

The second important feature of mathematical definitions is that they constitute the fundamental components of a given concept
(Zaslavsky & Shir, 2005). Vinner (1991) indicated that there are significant differences between technical concepts (e.g.,
mathematical concepts) and day-to-day concepts (e.g., house, cat). Vinner (1991) argued that people mostly acquire day-to-day
concepts not through definitions but through experience. For instance, one learns about the color red not from its definition but
through seeing objects colored red. However, some day-to-day concepts are learned through definitions. For instance, one might
define a laptop computer to a friend as “a portable computer one might use on their lap” instead of showing them several laptop
computers. In this case, definitions support the creation of conceptual images in one's mind. Concept image is the schemas
formed in the mind about that concept (Tall & Vinner, 1981). According to Vinner (1991), after the concept image is created and
the establishment of the concept is supported, definitions can be forgotten or become dispensable. In other words, the
scaffolding is no longer used after the construction of the building (Vinner, 1991). However, definitions play a vital role in
technical concepts. Definitions provide one with the chance of getting oneself rid of mis-conceptualization caused by concept
images (Vinner, 1991). Moore (1994) defines conceptualization as making sense of pre-concepts, concepts, and concept images.
Regarding internalizing conceptualization, it can be designed in three ways: students can develop their own examples, learn by
grasping, and can be designed to grow (Moore, 1994).

Thirdly, mathematical definitions lay the foundations of proving and problem-solving (Zaslavsky & Shir, 2005). Weber (2002)
defines proving as a process that “begins with an accepted set of definitions and axioms and concludes with a proposition whose
validity is unknown” (p. 14). Moore (1994) examined the difficulties experienced by undergraduate students in terms of proving
and reached the conclusion that the limited understanding of the definitions of concepts has made it difficult for students to
prove their courses of action.
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The fourth important point is that mathematical definitions bring about uniformity for the expression of concepts, allowing for
the easier transfer of mathematical ideas (Zaslavsky & Shir, 2005). As stated by Pimm (1993), individuals must agree on the
meanings of words in order to communicate with one another. According to Vinner (1991), definitions are inherently inevitable
owing to the nature of mathematical concepts. Landau (2001) indicates that definitions and statements included in definitions
are created based on expert opinions to establish the communication and validity among those who are familiar with scientific
language. Regardless of their use in the past, the expressions are established in a new context on a different basis (Robinson,
1962). For instance, the term “similarity” in geometry has a special meaning and displays distinct features when compared with
its habitual use in day-to-day life. Robinson (1962) argued that definitions are advantageous for eliminating uncertainties. In
addition to the significant points as far as mathematical definitions are concerned proposed by Zaslavsky and Shir (2005), there
is another crucial aspect indicated by Polya (1957). In the present-day, mathematicians are not concerned with the meanings
of technical terms but with the mathematical significance put forward by means of mathematical definitions (Polya, 1957). In
this case, one might see that definitions have explanatory and descriptive features (de Villiers, 1998; Khinchin, 1968; Polya,
1957).

2. METHODOLOGY

The present study is conducted with the purpose of identifying the effectiveness of concept teaching through definitions (CTD)
on the definition and conceptualization of mathematical concepts proposed by pre-service middle-school mathematics teachers
(PSTs-M). Based on this purpose, the study aims to examine the processes in which pre-service teachers make definitions and
conceptualize knowledge in detail. The studies making in-depth analyses of certain cases, activities and relationships are
defined as qualitative research studies (Fraenkel & Wallen, 2009). One of the qualitative research patterns, case studies involve
conducting in-depth research on certain phenomena such as the curriculum, individuals, and processes within education
(Merriam, 1988). Therefore, the case study design, a qualitative research pattern, is adopted for the present study.

2.1. Research Group

The study was conducted with 68 PSTs-M enrolled at the department of middle-school mathematics education at a state
university in Turkey during the fall semester of the 2019-2020 academic year. Among 68 PSTs-M, 52 (76%) were female, while
16 (24%) were male students. For the subject matter to be analyzed well, the selected study group must be able to provide the
researcher with data in-detail on the issue researched (Stake, 1995). Therefore, the participants were included in the study
through purposive sampling. The enrolment of the participants in the course titled “Fundamentals of Mathematics I” for which
the syllabus is planned was taken into consideration during their inclusion in the study. Each pre-service teacher was assigned
codes such as P1, P2, ..., P68 to protect the privacy of the participants.

In Turkey, the secondary school mathematics teaching program provides four years of education. Graduates of this program
teach mathematics in classes from 5t to 8th grade levels of middle schools. All students enrolled in this program are placed with
an above average score in the nationwide university entrance exam. For this reason, although most of them are successful
students in high school mathematics, their readiness is at a sufficient level. In the first year of the teacher training program
(Council of Higher Education [CoHE], 2018), the teaching of basic mathematical concepts and the relationship between the
concepts are clearly stated within the scope of the Fundamentals of Mathematics-I course and proving is not explicitly included.
Learning the basic mathematical concepts in the Fundamentals of Mathematics-I course is the basis of many field and teaching
courses, especially the Number Teaching course in the later periods.

2.2. Research Model

This study was found ethically appropriate by the decision of Yozgat Bozok University Institutional Review Board dated
20.01.2021 and numbered E-95799348-050.01.04-3198. The Fundamentals of Mathematics-I course, the content of which is
defined by CoHE (2018), was carried out based on CTD in this study. Designed by the two researchers and implemented by the
first author based on CTD during the course entitled “Fundamentals of Mathematics I”, the experimental process took 12 weeks.
Figure 1 shows the topics and content of the syllabus in-detail. Individual interviews were conducted with each PST-M in pre-
concept teaching through definitions (pre-CTD) to reveal the knowledge and definitions among PSTs-M regarding mathematical
concepts. Then, CTD was implemented for 12 weeks, and the definition and conceptualization proposed by PSTs-M were
examined during these weeks.

The related concepts in the number sets in Figure 1 are discussed in this study. In line with the purpose of the study, firstly, the
definition of mathematical concepts and the criteria for definition were presented to PSTs-M. Then, the importance and types
of proof in expressing the accuracy and validity of the definitions created by PSTs-M were taught. The concept/s in the number
sets were presented to the PSTs-M and they were asked to define the related concept, taking into account the definition criteria
of the mathematical concepts taught throughout the process. At this stage, the researcher did not define the related concept,
only the PSTs-M were expected to define the concepts. Each statement related to the concept was discussed in detail in the
classroom environment.
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CTD Teaching Process

v
PSTs-M role Researcher’s role

Conducting individual interviews with 68 PSTs-M to
examine their status in terms of making definitions

Pre-CTD

Mathematical concepts and definitions

Individual interviews ]

Teaching the importance of proofs in mathematics
and the types of proofs

Mathematical proving and types of
mathematical proofs

Sets «  Defining of concepts "criteria for definitions" + Creating a discussion environment and
+ Presentation of diagnostic features of the managmg.thc process
_g Natural numbers concept by PSTs-M . Fresen.tatlun of related concept_s . .
@ + Defining and proving the properties of the . RCYDHI}“E PSTs-M thoughts in line with the
= 4 operations on the concepts by the other PSTs-M criteria for definitions o
2 Integers «  Evaluating the accuracy of definitions made by «  Guiding PSTs-M to make concept definitions
PSTs-M * Questioning the validity of the definitions made
2 « Developing the each other's definitions by by PSTs-M
Rational numbers PSTs-M
+« Proving the definition made with the aim of
A persuading (PSTs-M or researcher)
Irrational numbers + Evaluation of descriptions in worksheets and

throughout the process
= Give feedback

P

Real numbers

Figure 1. CTD teaching process

During the discussion phase, the researcher guided and asked questions: "What are your descriptive expressions for the
concept, according to this definition? Do you think you define the relevant concept in a clear and understandable way? How to
edit the description made by your friend?” As a result of the discussion, the definitions of the pre-service teachers regarding the
concept presented by the researcher were formed. In this process, the suitability of each statement regarding the concept was
evaluated within the scope of definition criteria. It has been tried to imply that there is a need to prove the accuracy and validity
of the definitions of PSTs-Ms. They have made the proofs to convince each other and the practitioner. PSTs-M were asked to
make definitions of the concepts and to prove their accuracy, and to make sense of the mathematical operations in the subject
in this way. For example, after the definition of the integer concept by PSTs-M, it was aimed to define the operations performed
on the set of integers and thus to reveal the underlying meaning of the mathematical operations. The concepts included in the
subject matter were handled during the CTD teaching process, leading to generalisations made by PSTs-M regarding the
definition of the concept in question during discussions. The operation features implemented on the number sets during the
process were also examined, leading to the identification of conceptualisation among PSTs-M.

2.3. Data Collection Tools

The reflective interviews conducted between the researcher and students, and student worksheets, and in-class video
recordings were used as data collection tools for this study. All class sessions were recorded in order to evaluate the teaching
process in an integral manner and to fully reflect the interaction between the instructor and students as well as among students
themselves.

2.3.1. Interview

During the pre-CTD stage, semi-structured individual interviews were conducted between the researcher and PSTs-M. A semi-
structured interview form was used during these interviews. The interview form consisted of questions prepared in
consideration of each concept covered within the syllabus and revealing the definitive, conceptual, and operational knowledge
of pre-service teachers. In line with the responses given by the pre-service teachers to the interview questions, their definition
and conceptualization situations were examined. Expert opinions of 3 educators who are experts in the field of mathematics
education were sought to validate the structure and scope of the prepared interview forms before finalizing and implementing
them. The interview form contained 22 questions since it aimed to reveal the knowledge of, and definitions made by pre-service
teachers for the concepts of each topic covered within the syllabus. Examples semi-structured sample questions on rational
numbers and decimal notation are as follow: “Define what is decimal notation. Can a rational number have two different decimal
representations? Please explain. Discuss the accuracy/falseness of the statement “Decimals are fractions”. Is the equation true?
How did you decide whether the statement is true or false?” The pre-service teachers gave verbal or written explanations to the
questions during the interviews. The interviews lasted around 60 minutes with individual sessions for each student.
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2.3.2. Worksheets

Worksheets were used in order for students to be able to express the definitions of mathematical concepts both verbally and in
writing and to provide explanations and solutions for questions testing their conceptual-operational knowledge throughout the
teaching process. The questions in the worksheet were prepared by the researchers in consideration of each subject taking the
content scope of the topic in question into consideration. Each worksheet consisted of 10 to 12 questions for PSTs-M to answer
individually. Their final versions were formed through expert opinions evaluating the suitability of the questions for the content
and scope. While the questions in the worksheets include defining and proving the mathematical concepts in each subject, they
consist of questions based on the conceptual dimension of the operations in the relevant subject. In this way, working tools are
provided to make the definitions, explanations and operations of PSTs-M.

2.3.3. Teaching process videos

The study was carried out in a face-to-face teaching environment. The teaching process was recorded in order to come up with
an account of the teaching process in-detail and to examine the way PSTs-M, in line with the focus of the study, define and
conceptualize. For this purpose, all studies of PSTs-M were video recorded and photographed by the researcher. At the same
time, audio recording devices were also kept in the teaching environment in order to avoid loss of sound recordings, and in this
way, the explanations of each PSTs-M were recorded incompletely. The use of video recordings supported the triangulation of
the interviews and worksheets while providing a comprehensive scope in terms of data collection. The video records allowed
the researcher to document the process in which they implemented the syllabus, the way pre-service teachers communicate
and discuss in the class. All video records were converted into full-text files to prepare them for the analysis.

2.4. Data Analysis
The NVivo 11 software was used for the analysis of the data collected through the methods mentioned above. The data analysis

took place in two distinct steps in the consideration of the first and second research questions. Table 1 outlines the data
collection tools and the content of the analyses.

Table 1.
Data Collection and Analysis Content
Data Collection Tools Analysis Method
Interview Individual interviews
Definition processes of PSTs PST worksheets Descriptive Analysis
Document :
Video camera footage
Concept creation processes of PST worksheets .
PSTs Document Video camera footage Content Analysis

The voice records of the individual interviews conducted with pre-service teachers as well as the video camera footage
regarding the teaching process were converted into written documents. The individual interviews and student worksheets were
filed separately for each student. In-class video records were classified as 12 weeks in a way considering the instruction of each
concept. The definition processes of pre-service teachers were analysed through descriptive analysis because the criteria for
definition were defined by van Dormolen and Zaslavsky (2003). Pre-service teachers' conceptualisations were analysed through
content analysis. Content analysis enables data in various forms (audio or video recording, interview, observation, etc.) to be
analysed in the most convenient way (Fraenkel & Wallen, 2009). The criteria and categories related to conceptualization are
not found in the literature. For this reason, the conceptualization dimension of this study was analysed with content analysis.

2.4.1. Analysis of the definition processes of PSTs-M

Individual interviews, worksheets and video camera footage were used for the analysis of the definition processes among PSTs-
M. The analysis of the data was based on the criteria for definitions proposed by van Dormolen and Zaslavsky (2003). Such an
analysis of the data within the framework of pre-determined themes is defined as descriptive analysis (Yildirim & Simsek, 2016).
Pre-CTD individual interviews with pre-service teachers were conducted, revealing their definitions concerning mathematical
concepts. Then, their definitions during the CTD stage were presented through worksheets and in-class video recordings. This
allowed the researcher to identify the effectiveness of the definitions used for the teaching of mathematical concepts on the
definitions made by PSTs-M. Table 2 shows the definition criteria proposed by van Dormolen and Zaslavsky (2003) and the
sample codes regarding the definitions by PSTs.

The thematic framework is established through the identification of criteria for definitions. This allowed the researchers to
determine the categories according to which the data collected would be coded. The data were coded and processed in line with
the explanations in the literature concerning definition criteria (de Villiers, 1998; van Dormolen & Zaslavsky, 2003; Winicki-
Landman & Leikin, 2000). The data analysed within the framework of the themes concerned were supported by direct
quotations from the information collected during the interviews and from the documents.
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Table 2.
Analysis Scheme for the Definition Processes of PSTs-M
Categories Explanations Sample coding(s)
Defining an e ! . For the sum of positive and negative integers, for
ning e Exemplifying the concept defined in a P . & gers,
existing example, we have white and black counting
concrete manner
phenomenon scales...
s s I | [ | =] [ S
e Being able to prove that multiple Q.| E x| ’ PRNFEIN lo';/.‘-)i 3f
. e | U j ' |
definitions made for the concept are | | ] | REEA ' ' | 1]
equivalent l :
K . WA qie e
8 . e Being able to explain the reasons (hioeer ewe lave) 2{ ve 203
= Equivalence . L
E behind the definition selected for the
i concept
L; e Being able to provide inclusive and
5 exclusive definitions
i) In case the division of any number within the
= _ . natural numbers set to another number from the
= . I e Defining each concept on the basis of .
() Axiomatisation . same set does not result in a natural number, I
previously-learned concepts . .
believe we cannot discuss closure; therefore, we
obtain the R set in this case.
Including The numbers that we cannot write as a rational
required and e Making definitions by expressing the expression in the form of a/b are irrational
sufficient required and sufficient conditions numbers.
conditions
— Bein e Not expressing any conditions other Natural numbers are positive integers.
- 5 than the ones that are required and
g economical .
= sufficient for the concept
[ e een . . 4
P Flegance e The d.eﬁnltlon expressed belr.lg clear, Z=7"U {0} UZ
creative and thought-provoking
e Making definitions without having a Natural numbers are collections of objects, as we
o deep conceptual understanding always see in school explanations.
Intuitiveness :
regarding the knowledge, rule or
concept

2.4.2. Analysis of the conceptualisation processes of PSTs-M

The way the definitions used for concept teaching affecting the conceptualisation processes of PSTs-M were identified by means
of worksheets and teaching process video footage. The data collected were analysed through content analysis. The
conceptualisation process of PSTs-M was put forward throughout mathematical CTD. An inductive approach was adopted for
the analyses regarding the concept creation processes, leading to a four-stage analysis.

The first stage involved dividing the content through which instruction is made for each concept into chapters. This division
allowed one to classify the mathematical concepts included in the syllabus. In-class video recordings and worksheets for each
mathematical concept were read independently by the researchers, allowing them to come up with codes. Following the
creation of the codes by the researchers for the mathematical concepts, the researchers presented the codes they came up with
to one another and discussed them during the second stage. During these discussions, they explained them to one another the
labels and reasons underlying their codes. The joint assessment of the codes by the researchers resulted in the list of codes for
the study. The third stage constituted analysing these codes to establish meaningful relationships between these codes to create
categories. The categories at the end of these analyses were “knowledge”, “operation”, “association”, “language”, “reasoning”,
and “multiple representation”. As for the fourth stage, the structural relationship between these categories was put into
question, leading to the conclusion that the categories of “knowledge”, “association”, “language”, “reasoning”, and “multiple
representation” were related to conceptual knowledge while the category “operation” was found to be related to operational
knowledge. The themes of conceptual and operational knowledge were obtained at the end of the analysis of the

conceptualisation processes among PSTs-M.
2.5. Validity and Reliability

The validity of the study was ensured through data triangulation, expert opinions, purposeful sample selection, and the detailed
explanation of the context. Sufficient and required amounts of data were obtained through the use of interviews, video footage,
and written documents. This enabled researchers to compare, verify and confirm the data coming from varying sources. The
use of purposive sampling and the detailed presentation of the content of the practical aspect in a qualitative study allows it to
be applied to similar studies and practices. The presentation of the characteristics of the participants and the outline of the
syllabus in-detail and the study process rendered the study transferable.
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The reliability of the study was ensured with the separate coding of the data by the two researchers to achieve consistency. To
this end, the researchers came up with codes independently before meeting for one last time to establish categories and themes
through consensus. Furthermore, data triangulation within the scope of the study aimed to ensure internal consistency.

3. FINDINGS

This section will deal with the definitions made by PSTs-M for mathematical concepts for number sets during the pre-CTD and
CTD stages and their conceptualisation processes during the CTD stage.

3.1. Definitions by PSTs-M for the concept of sets during the pre-CTD/CTD phases

Table 3 shows the definitions for the concept of sets and other related concepts given by PSTs-M during the pre-CTD phase
identified at the end of the analyses.

Table 3.
Definitions by PSTs-M for the Concept of Sets During the pre-CTD Phase
Concept Definition f %
Set Collection of a certain number of objects 17 25
A group of objects 51 75
Proper subset 2" =1 37 >4
The set apart from itself 31 46
Equal set Two sets with an equal number of items 48 71
Two sets with the same items 20 29
Equivalent set Two sets with an equal number of items 20 20
Two sets with the same items 48 71
Universal set The most extensive set 53 78
The set covering all sets 15 22
_ Cannot be shown if there are an infinite number of items 58 85
Infinite set -
Does not indicate a set 10 15

Table 3 shows that PSTs-M made definitions for the concept of sets during the pre-CTD stage such as “collection of a certain
number of objects” and “A group of objects”. These statements point out that PSTs-M make intuitive definitions for the concept
of sets. At the same time, the expression “a certain number of” indicates that they disregard the concept of infinite sets. It was
observed that the definitions made by some of the PSTs-M include the term “set”, the concept to be defined, in their syntactic
compositions. For instance, some PSTs-M defined the concept by making statements such as “Objects like a, b, c, ... are included
within a set named, for instance, A”. Based on this, one might argue that the definitions for the concept of sets provided by PSTs-
M are not valid and suitable. They defined the concept of proper subsets operationally as “2™ — 1” and as “The set apart from
itself’. These definitions show that pre-service teachers attempt to define the concept with an operational approach and use
expressions that are not in line with the definition criteria. The definitions by PSTs-M concerning the concept of universal sets
were recorded as “the most extensive set”, “a set consisting of many items”, and “a set including multiple sets, symbolised as E”. The
definitions by PSTs-M reveal that the concept of universal sets is defined as sets with many elements or sets. As far as sets with
infinite number of items are concerned, PSTs-M generally stated that such sets cannot be expressed due to the infinite number
of elements while others claimed that the concept does not indicate a set. When the definitions of the PSTs-M are examined, it
is concluded that they do not have an in-depth understanding in this direction and make intuitive definitions. Table 4 presents
the definitions for the concept of sets and other related concepts given by PSTs-M during the CTD phase identified at the end of
the analyses.

Table 4.
Definitions by PSTs-M for the Concept of Sets During the CTD Phase
Concept Definition f %
Set Undefined 5 7
Definition based on the naive and axiomatic set theory 63 93
Proper subset 2" =1 37 >4
Subsets of a set excluding itself 31 46
Equal set The set with the same items 68 100
Equivalent set The set with an equal number of items 68 100
Universal set The most extensive set worked on 68 100
Infinite set A set with an infinite number of elements 60 88
Cardinality 46 68
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During the CTD stage, it was observed that PSTs-M made explanations based on the naive and axiomatic set theories, stating
that the concept of sets is undefined. The sample definitions by P3 and P46 and the written explanations by P1 (Figure 2) are
given below.

P3: A good definition of sets relies on the common properties of the elements within the set. However, this indicates
that elements without common properties cannot form a set, which is contradictory.

P48: For example, we use the terms “community” or “group” while defining [the concept], but there is no plurality
as far as null sets are concerned.

l—KJ RO T ;L-‘ (; - — A .set is a collgction of_cenain
| Ic | Aq&fml.ar pplulv:)-l ‘oluc*urma 'dodf dada k ._bu . objects, but there is no requirement
1&1 : Lol» ' | I \ l ‘ = .l,,;, L to be a common feature among
T1 T 1 j ‘Qm"‘dﬂr IOH&‘L ou_l\ le O'M: 50’*' 39‘(+4' 3"‘&& . these objects. For example,

]— | ‘ - suppose there is a set A and a set B.
rR'F M”“‘Qk fe' JO{ QJ"‘W-’ _gtsbal, Mj—‘—“l'-"" ’;‘7—3 {." A={pencil}, B={5}. AUB is also a set
| and there is no common property

r‘é Q 5 ]M f*-r—‘g- e ("f""‘L"‘ e h"d“ oria lﬁw‘ k 33”-‘“” among the elements.
Figure 2 Worksheet showmg the set definition by P1.

It is seen that the PSTs-M’ definitions of set and related concepts are suitable for the axiomatic structure, and they specify
necessary and sufficient conditions in their definitions. The sample explanations given by PSTs-M show that they question the
terms of “group” and “community” used in definitions and provide examples for contradictory cases. Consequently, they express
contradicting examples, proving their points. Figure 3 shows the discussion environment established among the researcher and
PSTs-M and sample responses given by PSTs-M.

Researcher (R): Can a null set be a universal set?

P7: The null set is the subset of every set; a universal set cannot be a subset; therefore, a null set cannot be the
universal set

R: Do you agree with the statement of your colleague?

P16: No, because we define the universal set as “the most extensive set we work on”. Therefore, if the most extensive
set we work on is a null set, the null set can be the universal set.

The universal set is considered to be all-encompassing
because of the expression "universal”. Thus, it is thought
that a single-element or empty set cannot form a
universal set. This is wrong because the universal set is
the set we are "at moment” working on.

Figure 3. Worksheet showing the universal set definition by P9.

The explanations made by pre-service teachers concerning the question of whether a null set can be the universal set reveals
that their explanations made to convince one another are based on definitions. Similarly, the question of “are equivalent sets
also equal sets?” was asked to pre-service teachers and they argued that this is not true based on definitions. The sample
explanation by P9 is as follows: “Equality signifies that the elements of the set are the same while equivalence denotes an equal
number of elements. Therefore, we cannot make a generalisation arguing that two sets must contain the same elements if they have
the same number of elements, they may have different elements”. During the teaching of sets, the concept of proper subsets was
introduced with the discussion of properties of sets; then, pre-service teachers were asked why the number of proper subsets
is 2™ — 1. The explanations made by P29 and P42 in response to this question are given in Figure 4 as direct quotations.

The PSTs-M first made assumptions based on their definition of the number of subsets and then proved their assumption. Based
on these solutions and explanations, one can see that PSTs-M make justifications based on definitions while proving their points
and attempting to convince their colleagues. In this direction, it is concluded that PSTs-M prefer to prove the validity of their
definitions and create definitions suitable for the axiomatic structure. After the exemplification of different representations of
sets and number sets (natural numbers, integers, rational numbers, irrational numbers, and real numbers), a discussion
environment was established on the subject of finite and infinite sets. Within this process, the explanations by P5 and P17
concerning finite and infinite sets were as follows: “When we talk about a set like A = (0,1,2,3,4,5), it is a finite set; but when we
try to define natural numbers, the expression N = {0,1,2,3, ... } consists of infinite number of elements” and “both natural numbers
and real numbers form infinite sets, but the cardinalities of these sets are different”. Based on these results, one can see that PSTs-
M adopt a conceptual approach concerning the definition of the concept of sets. The explanations by PSTs-M indicate that the
mathematical meanings of the concepts of sets, equal and equivalent sets, finite and infinite sets and universal sets are
structured, and the conceptualisation of these concepts is successful.
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Figure 4. Sample worksheets of P29 and P42 concerning the definition of proper subsets.

3.2. Definitions by PSTs-M for the concept of natural numbers during the pre-CTD/CTD phases

The definitions given by PSTs-M during the pre-CTD stage concerning the concept of natural numbers and the properties of
operations performed with natural numbers were examined. Table 5 shows these definitions.

Table 5.
Definitions by PSTs-M for the Concept of Natural Numbers During the pre-CTD Phase
Concept Definition f %
Positive integers starting from 0 to plus infinity 64 95
Natural number Numbers starFiTlg f.rom 1 until infinity 1 1
The set of positive integers 1 1
Counting numbers 2 3
Subtraction not displaying the closure =~ Undefined 58 85
property Resulting negative integers 10 15
Division not displaying the closure Undefined 57 84
property Emergence of the rational numbers set 11 16

Most PSTs-M defined natural numbers as “positive integers starting from 0 and incrementing to infinity” during the pre-CTD
stage. One can see that PSTs-M make their definitions concerning natural numbers based on integers. Similarly, the definitions
by PSTs-M include explanations such as “the natural numbers set is a subset of the integers set; therefore, one can call natural
numbers of positive integers”. Based on these definitions, one reaches the conclusion that PSTs-M make their definitions
concerning natural numbers on the basis of the integers set and therefore, these definitions are not axiomatic. Concerning the
operations performed using natural numbers, PSTs-M were also asked about the results of the operation of subtraction not
displaying the closure property; most PSTs-M stated that they are not familiar with the closure property. Besides these
responses, P22 and P35 expressed the need for defining negative integers for the fact that subtraction does not display the
closure property by making explanations as follows: “[the subtraction of natural numbers] may result in negative integers” and
“we do not always get a natural number upon subtracting one natural number from another. Therefore, the operation does not
display the closure property”. As far as the non-closure of division in natural numbers is concerned, most PSTs-M were not able
to define this situation while some stated that this results in the definition of rational numbers. Concerning this situation, P47
made the following explanation: “In case the division of any number within the natural numbers set to another number from the
same set does not result in a natural number, I believe we cannot discuss closure; therefore, we obtain the R set in this case”. It was
observed during the pre-CTD stage that PSTs-M did not indicate the required and sufficient conditions in their definitions for
natural numbers, these definitions do not satisfy the criteria of axiomatisation and equivalence, and the level of conceptual
knowledge among the participants concerning the operations on natural numbers is not adequate. Table 6 shows the definitions
by PSTs-M regarding natural numbers and the operations with natural numbers during the CTD stage.

The definitions made by PSTs-M regarding the concept of natural numbers show that they are based on the Peano axioms and
that the starting point is either 0 or 1. The sample definition for this by P2 was as follows: “The set that consists of numbers
starting from 0 or 1 and incrementing to infinity”. In addition to these definitions, Figure 5 shows the sample definitions made
by P3, P16 and P17 based on the Peano axioms.
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Table 6.

Definitions by PSTs-M for the Concept of Natural Numbers During the CTD Phase
Concept Definition f %
Natural number Start from 0 16 23
Start from 0 or 1 52 77
. . Modelling 47 69
Operations with natural numbers Representation with symbols 21 31
Subtraction not displaying the closure  Definitions based on the identity element 10 15
property Defining negative numbers 58 85
Division not displaying the closure Definitions based on the identity element 10 15
property Defining rational numbers 58 85

There is f: N-N function. f is one-to-one, f is not surjective.
(0eN)

FCN

0€F and for each meF which satisfies the conditions f(m) eF

are called the set of natural numbers N set.

Whether natural numbers start from 0 or 1 is still debated
by mathematicians.

There are indications such as;

No={0,1,23,...n,n+1}

N, ={123,..,n,n+1}

If we make a definition; the set of natural numbers is the set
of numbers starting from 0 to infinity.

Inductive Method

Let s(n)EN

0eS

s(n) €S for vneS=S=N

Figure 5. Worksheets showing the natural number definitions by P3, P16 and P17.

The use of axioms and the principle of induction by PSTs-M while defining the concept of natural numbers indicates the
satisfaction of the criteria of axiomatisation and elegance in their definitions. At the same time, the definitions for the natural
numbers set through different expressions also fulfil the criteria of equivalence and the satisfaction of required and sufficient
conditions. The indication of axioms for the definition of natural numbers shows that the mathematical thought and
understanding is developed regarding the question of why this set can begin with either 0 or 1. Consequently, the conceptual
approach towards natural numbers among PSTs-M is seen to be achieved.

They used the numerical axis and area modelling to define and explain the operations on natural numbers. To this end, they
were asked to solve the mathematical operations of 3 + 8 =11,8 -3 =5, and 5 x (4 + 7). In this respect, they seem to model
these operations based on the definitions of the operations of addition, subtraction, and multiplication (Figure 6).

M%a‘> s

= . ET

SUS eX v oL (_ﬁi_%_*_A_‘,‘,fnxx et
\_}'\'L)‘S‘Oi\_hl;

o2 =S

Figure 6. Natural number operation models created by PSTs-M.

Instead of merely using the algorithm, PSTs-M were observed to make explanations requiring a conceptual basis for their
solutions for operations made with natural numbers. Similarly, P56 explained the non-closure of subtraction and division for
natural numbers based on definitions and made the following statement: “As there is no identity element in subtraction, the
disclosure property is not there for subtraction and division”. Additionally, P11 made the following generalisation after the
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discussion of the properties of the natural numbers set: “Each number set is defined based on natural numbers”. Considering
these findings, the definitions made by PSTs-M were seen to be effectiveness during proving and generalisations.

3.3. Definitions by PSTs-M for the concept of integers during the pre-CTD/CTD phases

The definitions given by PSTs-M during the pre-CTD stage concerning the concept of integers and the properties of operations
performed with integers were examined; Table 7 shows these definitions.

Table 7.
Definitions by PSTs-M for the Concept of Integers During the pre-CTD Phase
Concept Definition f %
Combination of positive and negative integers 16 24
Integer Combination of positive and negative integers including 0 14 20
Numbers from -oo until +oo 38 56
Subtraction 45 66
() The number being negative 23 33
) Addition 45 66
The number being positive 23 33

The examination of the definitions by PSTs-M concerning the concept of integers showed that they generally define the concept
as “numbers constituting the combination of positive and negative integers”. Based on this definition, it seems like PSTs-M do not
include the number 0 in their definition. However, some PSTs-M include 0 in this definition, expressing it as “the set consisting
of positive and negative integers and 0”. In these definitions, PSTs-M seem to include the term “integer”, the concept to be defined,
in their definition sentences. Therefore, the definitions are not considered to be suitable. Additionally, some PSTs-M defined
integers as “numbers ranging from -0 to +00” without analysing the in-depth meaning of this concept. One might argue based
on the definitions for the concept of integers that PSTs-M make intuitive definitions concerning the concept asked in the
question.

Upon being asked what the symbols (-) and (+) seen next to integers signify, PSTs-M said (-) means either “the symbol indicating
that the number is negative” or “subtraction”. Similarly, they also defined the operator (+) as either “the symbol indicating that
the number is positive” or “the operation of addition”. Following these explanations, some sample operations with integers were
presented to PSTs-M and they were asked to indicate the meanings of the symbols (-) and (+). For the symbol (-) in the operation
(+2)-(-6), P33 said that it signifies “subtracting a negative number from a positive number”. Making similar explanations, PSTs-
M identified this as the operation of subtraction. In line with these explanations, some PSTs-M appear to refer to the operation
based on the definition of the concept. Certain PSTs-M, on the other hand, indicated that “-(-6) means +6, therefore (+2)+6=8,
meaning [that we do] addition”. In light of this explanation, one can infer that PSTs-M make explanations based on operations.
They were given the mathematical expression (-2)-(-6), which was defined as subtraction.

The operation of subtraction indicated for this expression was defined in a variety of ways by PSTs-M. For instance, the pre-
service teachers P48 and P66 made the following explanations: “there are two negative numbers here, for example, the
subtraction of (-6) from (-2)” and “here, two (-) signs become (+) when they are side by side, so the operation becomes (-2)+6,
subtraction of 2 from 6”. According to these statements, one can observe that some pre-service teachers make conceptual
explanations whereas some others base their explanations on operational meaning. Table 8 shows the definitions by PSTs-M
regarding integers and the operations with natural numbers during the CTD stage.

Table 8.
Definitions by PSTs-M for the Concept of Integers During the CTD Phase
Concept Definition f %
Integer Definition based on the natural numbers set 51 75
Definition with mathematical symbols 23 25
Meanings of the symbols (-) and Operation 68 100
() Direction 68 100

The examination of the way PSTs-M define integers during the CTD stage shows that the definitions are based on the natural
numbers set and mathematical representations. A sample explanation by P8 concerning the definition of integers on the basis
of natural numbers reads as follows: “integers have emerged as a result of the lack of closure in subtraction for natural numbers.
All numbers between -00 and +00, including 0, are within this set”. A similar definition by P62 using mathematical symbols is
shown in Figure 7.
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In the equation a=x+b, the result is not always an element that belongs
to the set of natural numbers. In order to solve this equation, the set of
natural numbers with their inverse according to the addition operation
is called the set of integers. It is a combination of negative integers,

positive integers, and 0. So; Z = Z~U{0}UZ"*

Figure 7. Sample definition for integers made by P62.

Looking at the example explanations, it is seen that PSTs-M define integers based on the set of natural numbers. In addition, it
is seen that the definition of P62 is expressed in an economical and aesthetic way, one of the criteria of being a good definition,
by using mathematical symbols. In line with these results, PSTs-M are seen to define integers in an axiomatic and economical
manner satisfying required and sufficient conditions. A discussion environment was established concerning the (-) and (+)
symbols included in operations using integers. The sample explanations and models given by PSTs-M during this discussion
process are presented below (Figures 8-9).

P10: The numbers have either the (+) or (-) sign in front of them based on their positions relative to 0, which we
call positivity or negativity. I will use counting pieces to demonstrate their positions relative to 0. The red pieces
represent positive numbers while the green ones are negative numbers.

R: How would you define the operation (-2)-(-6)?

P44: We first need to see whether the signs show an operation or a direction. The signs in (-2) and (-3) are
directions while the (-) in between is the operation. It is easier to show these directions and operations on the
numerical axis. First, we took 2 steps to the left of 0; then, we took 6 steps in the opposite direction. Therefore, we
arrived at 4, on the right of 0, giving us the result of (+4).

Figure 8. Numerical axis modelling for operations with integers.

P51: I agree, and this is how we do the operation with counting pieces. In the beginning, I have 2 green pieces
indicating the number (-2). In this case, the (-) sign in between denotes the operation, meaning that I have to do
subtraction. (-6), so we need to subtract 6 green pieces, which we do not have. Therefore, I will add 4 green pieces
in addition to 4 red (positive) pieces neutralising these additions. In the end, 4 red pieces remain after the other
green and red pieces neutralise one another, leading to the result of (+4).

We have 2 (-) at first. We are
asked to subtract 6 (-) from it.
But we don't have it. Then I
add 4 more (-) stamps. I add
4 (+) to keep the neutrality.
Now we have (-6). I can take
it out now. Result: (+4)

Figure 9. Counting piece modelling for operations with integers.

PSTs-M were observed to use the numerical axis and counting pieces while defining the written signs (-) and (+) as either
directions or operations as far as integers are concerned. Based on this, one might argue that CTD contributes to the
conceptualisation of integers.

3.4. Definitions by PSTs-M for the concept of rational numbers during the pre-CTD/CTD phases

The definitions given by PSTs-M during the pre-CTD stage concerning the concept of rational numbers and the properties of
operations performed with rational numbers were examined; Table 9 shows these definitions.
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Table 9.
Definitions by PSTs-M for the Concept of Rational Numbers During the pre-CTD Phase
Concept Definition f %
Fractional numbers 3 4
Rational number Numbers that can be written as a/b 45 66
Numbers that can be written as a/b, with b#0 20 29
Addition Expression as an operation 68 100
Subtraction Expression as an operation 68 100
Multiplication Expression as an operation 68 100
Division Expression as a formula 68 100

The definitions given by PSTs-M for rational numbers in the pre-CTD stage include expressions like “fractional numbers” and
“numbers that can be written as a/b, with b#0”. One might see from these definitions that PSTs-M have a hard time differentiating
rational numbers and fractions, consequently leading to false definitions. Sample definitions by PSTs-M include statements such
as “expressions like a/b that cannot be written as unit fractions” and “fractional numbers written as a/b”. The definitions and
explanations provided by PSTs-M indicate that they are not able to define rational numbers correctly.

PSTs-M explained the addition and subtraction operations with rational numbers with an operational approach during the pre-
CTD stage. For addition and subtraction with rational numbers, PSTs-M provided the following explanation: “if the denominators
are equal, the sum of the nominators are written to the nominator part; if the denominators are not equal, we make the
denominators same before addition or subtraction”. Similarly, multiplication is defined with the stages involved in the operation
as “the nominators are multiplied to find the nominator of the result and the denominators are multiplied to find the denominator”.
As for division, it is defined in an algorithmic manner as “we keep the first fraction as it is, then we turn the second fraction upside
down the second fraction and make multiplication”. Based on the explanations by PSTs-V, it can be seen that they describe the
stages of operations instead of defining the operations themselves. In line with this result, one might argue that PSTs-M do not
have sufficient knowledge to define rational numbers and the operations using rational numbers and are unable to differentiate
rational numbers from fractions and accordingly, they intuitively define the concept of rational number. Rational numbers were
taught during the CTD stage; Table 10 shows the definitions made by PSTs-M during this stage for rational numbers and
operations made with rational numbers.

Table 10.
Definitions by PSTs-M for the Concept of Rational Numbers During the CTD Phase
Concept Definition f %
Multiplicative inverses of integers 11 16
Rational number Numbers that can be written as a/b, with b#0 and a and b being 57 84
coprime numbers
Addition Conceptual expression 68 100
Subtraction Conceptual expression 68 100
Multiplication Conceptual expression 68 100
o Conceptual expression 53 78
Division ) R
Expression as multiplication 15 22

Most PSTs-M defined rational numbers during the CTD stage as “numbers that can be written as a/b, with b#0 and a and b being
coprime numbers”. With this definition, one can see that it satisfies the required and sufficient conditions for defining rational
numbers. Furthermore, P37 and P64 were also seen to define their statements using mathematical symbols (Figure 10).
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Figure 10. Sample rational number definitions by P37 and P64.
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One might argue that the definitions made by PSTs-M using mathematical symbols fulfil the criteria of being economical and
elegance. On the other hand, some PSTs-M expressed this definition considering equation solving as “with a and b being integers
and b#0, the solution of the equations like bx=a is a/b, and these indicate rational numbers”. This way of making the definition
demonstrates suitability to conceptual hierarchy. PSTs-M make definitions using various ways concerning the concept of
rational numbers, arguing that these definitions are equivalent and correspond to the concept of rational numbers. Following
the definition of rational numbers, a discussion setting was established regarding the difference between fractions and rational
numbers. Some exemplary explanations by PSTs-M were as follows: “both can be written as a/b but fractions cannot be negative”
and “we speak of the condition of a and b being integers for a rational number of a/b; but in fractions, a and b must be natural
numbers”. Based on this, PSTs-M are seen to make definition-based justifications while trying to convince others and provide
explanations.

e-ISSN: 2536-4758 http://www.efdergi.hacettepe.edu.tr/



984
They used models in line with the axiomatic structure in their implementations and explanations on addition and subtraction
with rational numbers during the CTD stage. PSTs-M were given the operation é + % and asked to elaborate on this operation.
Figure 11 shows the sample models given by P6, P42 and P51 for the operation in question.

Figure 11. Models by P6, P42 and P51 concerning addition in rational numbers

Moving from the principles of teaching fractions, PSTs-M modelled the sample addition with rational numbers using the
numerical axis, length and area models (Figure 10). One can also see that PSTs-M paid particular attention to the axiomatic
structure in their definitions and explanations of the operations performed with rational numbers. During the later stages of

the process, PSTs-M were given the operation § X % and asked to elaborate on the operation. For this operation, P1 indicated
that “it signifies finding 3/4 of 2/5”, explaining the meaning of the operation using the area model (Figure 12).

Figure 12. Modelling multiplication with rational numbers

As far as the division with rational numbers is concerned, the sample statement of % - % was given to PSTs-M and they were
asked about the significance of this expression. PSTs-M replied to this question by stating that “it denotes the question of how
many % are there in %”. As for P12 and P59, they made an operational definition based on multiplication by indicating that “one

solves [the equation] by considering the multiplicative inverse of the second number”. Some of the PSTs-M made explanations
based on operation process from an example not based on the definition of the concept. Based on these definitions, one can
argue that PSTs-M were able to define and explain division with rational numbers in a conceptual and operational manner
during the CTD stage.

3.5. Definitions by PSTs-M for the concept of irrational numbers during the pre-CTD/CTD phases

The definitions given by PSTs-M during the pre-CTD stage concerning the concept of irrational numbers and the properties of
operations performed with irrational numbers were examined; Table 11 shows these definitions.
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Table 11.
Definitions by PSTs-M for the Concept of Irrational Numbers During the pre-CTD Phase
Concept Definition f %
Irrational number Numbers that cannot be written as a/b 29 43
Non-rational numbers 39 57
2,474747 ... Is an irrational number 10 15
Is not an irrational number 58 85
182,02002000200002... Is an irrational number 68 100

During the pre-CTD stage, most PSTs-M defined irrational numbers as “non-rational numbers that cannot be shown as a/b”. Upon
being presented with decimal representations repeating regularly or irregularly, PSTs did not agree on the question if the
number is rational or irrational, as it was the case for the example of 2,474747.... The sample explanations provided by pre-
service teachers are given below.

P4: It is an irrational number because it is not equal to a fixed value.

P12: The decimal part of the number continues infinitely, and we cannot express is in the a/b format; therefore, it
is irrational.

P36: It is an irrational number because it does not denote a fixed value. The use of ... indicates that the decimal
goes on. The decimal part of 47 is continuously repeated after 2,47.

P38: It is not irrational because it goes on based on a certain rule after the decimal.

P43: It is a rational number. We can put it in the rational format as it has a repeating decimal.

It is seen that PSTs-M do not have a correct understanding of the concept in their explanations that 2,474747... is an irrational
number. Those claiming that the number does not denote a fixed value and that it cannot be shown as a/b indicates erroneous
understandings concerning the topics of terminating and repeating decimals. To reveal the mis-conceptualization among PSTs-
M in a more clear-cut manner, they were given the number 182,02002000200002... and asked whether it was an irrational
number. All PSTs-M described this number as irrational. The sample explanations provided by PSTs-M are given below.

Pé6: It is irrational because the repetition is not regular. There is an approximate value; it is an irrational number.
It does not indicate a fixed value on the numerical axis.

P36: It is irrational, the decimal is not known clearly; there is no pattern [in the repetition].

P51: We cannot put it in a rational format as the decimal does not repeat in a regular pattern; therefore, it is
irrational.

One can see that there are certain mis-conceptualization among PSTs-M concerning irrational numbers suggesting that “[the
number] does not denote a fixed value on the numerical line”. After these questions, PSTs-M were asked to show the number v3
on the numerical axis; Figure 13 shows the sample drawings created to answer this question.

Figure 13. Indications of the positions of irrational numbers on the numerical axis

Taking the numbers V1 and V4 as reference points, P4, P15 and P50 showed the irrational number v/3 to be somewhere between
these two points, more specifically between 1 and 2. The sample drawings and explanations made by PSTs-M for finding the
position of irrational numbers on the numerical axis demonstrate that they represent the point corresponding to the
approximate value and make definitions intuitively. Table 12 shows the findings on the definitions by PSTs-M of irrational
numbers as well as the operations they performed with irrational numbers.

Table 12.
Definitions by PSTs-M for the Concept of Irrational Numbers During the CTD Phase
Concept Definition f %
Irrational number Non-rational numbers 50 73
Irregular decimal numbers 37 54
V3 ++2 [s an irrational number 68 100
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The definitions made by PSTs-M during the CTD stage for irrational numbers include statements such as “non-rational numbers”
and “irregular decimal numbers”. Some sample definitions by PSTs-M include expressions like “the gap in the real numbers set
left by rational numbers is filled by irrational numbers” and “the numbers that we cannot express in the rational format of a/b are
irrational numbers”. On the basis of these definitions, one might say that PSTs-M define irrational numbers in an equivalent way
suitable to conceptual hierarchy and satisfying required and sufficient conditions in the CTD stage.

PSTs-M were observed to argue that the expression “v3+v2” is “an irrational number”. Based on this, they were also asked why
they considered the expression as an irrational number, revealing that they solve the question based on proofs (Figure 14).

Figure 14. Sample justification for the irrational number statement

The irrationality of “v/3 + +/2” was proven by P5 by means of contradiction. Based on this, it can be seen that many PSTs-M make
definitions for the concept of irrational numbers and justifications in light of rational numbers. In this context, one might also
argue that the definitions by PSTs-M affect the way they justify their solutions, and they make definitions in accordance with
the axiomatic structure. Additionally, an in-class discussion session was initiated on the topic of whether irrational numbers
correspond to a specific point on the numerical axis and the question of how to identify this point. Figure 15 features the sample
drawings made by P4 and P7 to find the position of irrational numbers on the numerical axis.

S
=

Figure 15. Sample representations of irrational numbers on the numerical axis during the CTD stage

R: Can we locate the irrational number~/3 on the numerical axis? Or does it have a fixed place since it is irrational?
P47: Irrational numbers fill the gaps left by rational numbers; therefore, they must correspond to certain points
on the numerical axis.

P4: Let us consider the triangle with two 1-unit sides and a hypotenuse of \/2 units. For the number /3, if we draw
a right-angled triangle with one side of 1 unit and a hypotenuse of 2 units, the length of the other side would be
/3 units. If we draw this length on the numerical axis using a calliper, we can find the corresponding point.

P7: Another solution would be drawing a unit circle, showing the point corresponding to the hypotenuse of \'2
units with the calliper, and drawing a right-angled triangle with legs of 1 unit and \/2 units with a hypotenuse of
/3 units. Then, we can find the point corresponding to \/3 on the numerical axis with the calliper.

It can be seen that during the CTD stage, PSTs-M were able to identify the geometrical position of irrational numbers on the
numerical axis through drawings and to explain the correspondence to a point based on definitions. Furthermore, they also
explained the value corresponding to v/3 in light of the operations made to find the number V2. This indicates a hierarchical
approach. Additionally, this shows that PSTs-M used definitions in their explanations and justifications. Therefore, the initial
mis-conceptualization among PSTs-M during the pre-CTD stage arguing that irrational numbers do not correspond to a
particular point on the numerical axis seem to have changed.
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3.6. Definitions by PSTs-M for the concept of real numbers during the pre-CTD/CTD phases

Table 13 shows the definitions by PSTs-M for the concept of real numbers during the pre-CTD stage analysed for the study.

Table 13.
Definitions by PSTs-M for the Concept of Real Numbers During the pre-CTD Phase
Concept Definition f %
Union of natural, rational and irrational numbers 8 12
Union of natural numbers, integers, rational numbers, irrational numbers and 3 4
complex numbers
Real number . . . .
Union of natural numbers, counting numbers, integers, rational numbers and 6 9
irrational numbers
Union of natural numbers, integers, rational numbers and irrational numbers 51 75

The definitions of real numbers by PSTs-M seem to include natural numbers, counting numbers, integers, rational numbers,
irrational numbers and complex numbers. They expressed their definitions on the basis of the union of number sets. In these
unions, counting numbers and complex numbers were also included. From these definitions, one can see that some PSTs-M
were not able to define the number sets constituting real numbers and had certain mis-conceptualization. However, most PSTs-
M could elaborate on real numbers correctly by stating that “it is the union of natural numbers, integers, rational numbers and
irrational numbers”. Therefore, the majority of PSTs-M seem to be able to identify the number sets included in real numbers
accurately. Table 14 shows the definitions by PSTs-M for the concept of real numbers during the CTD stage analysed for the
study.

Table 14.
Definitions by PSTs-M for the Concept of Real Numbers During the CTD Phase
Concept Definition f %
All points on the numerical axis 14 20
Real number Union of natural numbers, integers, rational numbers and irrational numbers 68 100
Real numbers 58 85

The definitions of real numbers provided by PSTs-M in the CTD stage seem to involve explanations based on number sets and
the numerical axis. Based on these definitions, one might see that PSTs-M fulfil the required and sufficient conditions and satisfy
the criteria of equivalence and axiomatisation in their definitions. Furthermore, they also made accurate explanations while
expressing the number sets constituting real numbers. PSTs-M also seem to include explanations on real numbers in terms of
number sets constituting real numbers prior to the instruction of the concept of real numbers. For example, the definitions made
by PSTs-M for the concept of sets included statements such as “...the set of real numbers is also infinite, but they have different
cardinalities” and “in the real numbers set, the gap left by rational numbers is filled by irrational numbers”. Based on these
explanations, one might reach the conclusion that PSTs-M have an advanced comprehension of real numbers in the CTD stage.

4. RESULTS, DISCUSSION AND RECOMMENDATIONS

This section deals with the results concerning the way PSTs-M define and conceptualise mathematical concepts in the pre-CTD
and CTD stages, discusses these results within the context of the existing body of literature, and, ultimately, puts forward
suggestions based on the study outcomes. The study concentrated on sets; number sets containing natural numbers, integers,
rational numbers, irrational numbers, and real numbers; and concepts related to these topics. Within this scope, the definitions
and conceptualisations made by PSTs-M concerning the concepts and operations covered in these topics were obtained; the
study outcomes were then outlined accordingly.

During the pre-CTD stage, PSTs-M defined sets intuitively and did not have definitive knowledge of the concepts of equal and
equivalent sets, describing the universal set as a set with many elements. Based on these findings, it was concluded that PSTs-
M were not able to express the mathematical meanings of the concepts of sets, equivalence, equality, and universal sets clearly
in the pre-CTD stage. In this context, their explanations for the concepts in question seemed to be based on concept images
rather than definitions. As for the CTD stage, PSTs-M were seen to provide definitions for the concept of sets in line with the
naive and axiomatic set theories. Based on the explanations provided, the definitions made for universal sets and finite/infinite
sets were fit for the axiomatic structure and equivalent in nature. In the CTD stage, particularly while trying to convince the
researcher and each other, they demonstrated proofs and justifications based on the definition of sets. The findings obtained in
the CTD stage led to the conclusion that definitions affect the way PSTs-M define and conceptualise the concept of sets.

As far as the natural number definitions given by PSTs-M during the pre-CTD stage are concerned, they seemed to be based on
integers, which is not suitable for conceptual hierarchy. It was also observed that PSTs-M did not know about the “closure”
property in operations performed with natural numbers or the circumstances leading to this feature. Dickerson and Pitnam
(2016) asked them to define the concepts of even number, prime number, square, parallel line, tangent and trapezoid in their
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study with 10 undergraduate mathematics students. Similar to this study, it was concluded that mathematics students were
insufficient in writing the definition of the related concept in their minds and they had a limited understanding. During the CTD
stage, however, natural numbers were defined on the basis of the Peano axioms by PSTs-M. Therefore, the researchers reached
the conclusion in this process that PSTs-M provided axiomatic and equivalent definitions fulfilling the required and sufficient
conditions for the concept in question. As for the operations made using natural numbers, modelling was the preferred course
of action. While addition and subtraction were explained using counting pieces and the numerical axis, multiplication was
described using the area model. The operations based on these points were explained by PSTs-M in a conceptual manner. In
light of these results, it was concluded that definitions affected the way PSTs-M conceptualise the concepts covered in the course.
The lack of the closure property in subtraction and multiplication were expressed by PSTs-M in line with the principle of
conceptual hierarchy based on the concept of identity elements while defining operations, leading to a generalisation arguing
that “every number set is defined based on natural numbers”.

PSTs-M defined the concept of integers intuitively in the pre-CTD stage. The operations made with integers were defined by
PSTs-M with the symbols (+) and (-) with an operational approach without indicating the mathematical meaning. In the CTD
stage, however, the concept of integers was defined on the basis of natural numbers, which is suitable in terms of conceptual
hierarchy. Furthermore, alternative definitions were also provided using mathematical symbols. These definitions made by
PSTs-M for the concept of integers were in line with the principle of conceptual hierarchy, included the required and sufficient
conditions, and were equivalent and economical. The notations of (+) and (-) used in operations with integers were defined as
operations and directions; counting pieces and numerical axis modelling were used to explain these definitions. Consequently,
it was concluded that definitions influenced the way integers and the operations made with integers are conceptualised.

For the definition of rational numbers in the pre-CTD stage, the approach followed by pre-service teachers were rather intuitive,
starting from fractions and expressing them as a/b. The operations made with rational numbers were expressed in either
operational or algorithmic terms. Similarly, Depaepe et al. (2018) states that pre-service mathematics teachers have difficulties
in defining rational numbers and decimal notation and mathematical depth of operations, and they lack knowledge. Weller,
Arnon, and Dubinsky (2009) implemented an experimental teaching model in their work with pre-service teachers. They
concluded that the pre-service teachers in the control group where traditional teaching was applied had less progress in
procedural and conceptual understanding of rational numbers, fractions, and decimal notation. In the CTD stage, however, PSTs-
M defined rational numbers in line with the principle of conceptual hierarchy based on the lack of closure property under
multiplication with integers and natural numbers. Furthermore, they made use of mathematical symbols in their definitions,
benefiting from multiple representations. This shows that CTD influences the use of mathematical language by PSTs-M. Based
on these findings, the researchers reached the conclusion that the definitions by PSTs-M concerning rational numbers in the
CTD stage complied with conceptual hierarchy, indicated the required and sufficient conditions, and satisfied the criteria of
equivalence, being economical, and elegance. The definitions and explanations made by PSTs-M adopted a conceptual approach
when it came to the operations performed with rational numbers. They provided examples for addition and subtraction with
rational numbers using the area model, length model, and the numerical axis. The area model was also preferred for the
explanation of multiplication while separate examples were given for division in a conceptual manner. It is concluded that the
concept definitions of PSTs-M were effectiveness in the systematization and axiomatic structure of the proofs.

In the pre-CTD stage, PSTs-M defined the concept of irrational numbers based on rational numbers, which corresponds to the
principle of conceptual hierarchy. However, upon being given decimals repeating either regularly or irregularly, when PSTs-M
were asked whether these decimal numbers are irrational, they were not able to interpret and explain these examples correctly.
Therefore, their irrational number definitions seemed to be intuitive. Similarly, Guven, Cekmez and Karatas (2011) revealed in
their study that pre-service teachers define irrational numbers and represent them on the number line intuitively. PSTs-M
claimed that irrational numbers cannot be placed on an exact point on the numerical axis as they do not correspond to an exact
value and that they can be represented as approximate values within a range. These explanations indicated mis-
conceptualization among PSTs-M concerning irrational numbers. In the CTD stage, however, they defined irrational numbers
based on rational numbers and decimals that had been defined beforehand. This satisfies the criterion of conceptual hierarchy.
As for the representation of irrational numbers on the numerical axis, PSTs-M seemed to adopt an inductive approach, indicating
geometric positions. In the CTD stage, the irrational of these numbers was questioned; PSTs-M indicated mathematical proofs
in their explanations for this question. The definition of irrational numbers was employed in the proofs and explanations
provided. As far as the results for this concept as well as other mathematical concepts considered in the study are concerned,
one can reach the conclusion that definitions support the way one provides mathematical proofs.

The definitions by PSTs-M for the concept of real numbers reveal that they list the wrong number sets in the pre-CTD stage. In
particular, the inclusion of counting numbers and complex numbers reveal the mis-conceptualization regarding real numbers.
Furthermore, the majority of PSTs-M indicated the number sets constituting real numbers accurately. The detailed analysis of
the number sets constituting real numbers in the study led to the conclusion that PSTs-M knew about the number sets forming
the set of real numbers; but they still lacked certain capacities in defining and conceptualising these number sets in the pre-CTD
stage. The definitions by PSTs-M in the CTD stage, however, were based on the real number sets defined previously as well as
on the concept of numerical axis studied beforehand. In light of these definitions, one might argue that the mis-conceptualization
among PSTs-M on the subject of real numbers was eliminated in the CTD stage, developing their conceptual understanding of
real numbers.
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Although it is expected that the pre-service teachers who encounter different definitions, shapes and examples at different
education levels are expected to create more advanced explanations and informal definitions (Karakus, 2018), in this study, as
a result of the examination of the definitions made by PSTs-M on the subject in the CTD, it was seen that the participants were
unable to make correct definitions or define the concepts concerned at all due to their lack of sufficient knowledge. Similarly, in
the study carried out by Unlii (2021), pre-service teachers' definitions of circle, circular region, and sphere concepts were
examined, and the study revealed that pre-service teachers had difficulties in defining the concepts. The study by Vinner (1977)
found that students do not have an exact knowledge of axioms and propositions due to the lack of a complete understanding of
the nature of definitions, incorrectly believing that the proven proposition is the definition. Therefore, the fact that PSTs-M were
familiar with the nature of mathematical concepts and able to make definitions shows that mathematical concepts allow them
to understand the process of conceptualisation. Dickerson and Pitman (2016) stated that students were unable to write
definitions while expressing their opinions on concepts. However, owing to the presentation of definitive criteria and setting up
discussion sessions among pre-service teachers in the CTD stage allowed them to come up with suitable definitions in the
consideration of definitive criteria. The present study is based on the obligatory and optional criteria for definitions proposed
by Zaslavsky and Shir (2005). Based on this, it can be seen that PSTs-M fulfil the obligatory criteria of axiomatisation,
equivalence and inclusion of required and sufficient conditions while defining the concepts of sets, natural numbers, integers,
rational numbers, irrational numbers and real numbers in the CTD stage. Furthermore, as far as the definitions for integers and
rational numbers are concerned, they also satisfy the optional criteria of elegance and being economical in addition to the
obligatory ones. In line with these results, it can be concluded that CTD is effectiveness in the definition of number sets by PSTs-
M. Similarly, Zaslavsky and Shir (2005) conducted a group-oriented study, concentrating on the definitions made by high-school
students, and indicated that the discussion environments provided affected the way students made definitions.

Certain mis-conceptualization was observed among PSTs-M in the pre-CTD stage, concerning some of the concepts addressed
in the study. Defining the universal set as a set with many elements, considering rational numbers as fractions, expressing
fractions with numerical values, claiming that irrational numbers do not correspond to a certain point on the numerical axis as
they have repeating decimals are some examples of the mis-conceptualization in the definitions made by PSTs-M in the pre-CTD
stage. With the exposure of PSTs-M to concept definitions and applications in the CTD stage, these mis-conceptualization were
eliminated. Dealing with examples presenting contradictory cases for learners, leads to a cognitive conflict, and the resolution
of these contradictions is possible through the change of knowledge (Lakatos, 1976; Peled & Zaslavsky, 1997; Zaslavsky & Shir,
2005). Implemented based on this argument, CTD was found to be effectiveness in the elimination of mis-conceptualization
among PSTs-M. PSTs-M were generally observed to make intuitive definitions and base their explanations on concept images
rather than mathematical meaning while defining mathematical concepts in the pre-CTD stage. This finding is similar to the
outcomes of the study by Edwards and Ward (2004) conducted with undergraduate mathematics students. Edwards and Ward
(2004) stated in their study that students are prone to think that the mathematical definition of the concept in question might
be wrong when the indicated definition contradicts their own concept images. In this respect, it is important for students to
abandon their personal conceptions and gain experience in terms of adopting mathematical definitions. Therefore, PSTs-M must
design suitable mathematical experiences in accordance with didactic activities to help pre-service teachers understand the
nature and roles of mathematical definitions.

The present study concludes that CTD affects the way PSTs-M define mathematical concepts in parallel to the fact that it also
influences their conceptualisations and proofs. The ability of PSTs-M to accurately define mathematical concepts seem to
influence the way they prove their operations and actions. Similarly, Vinner (1977) stated that students do not know how to
use definitions for proofs, arguing that the reason behind this is their lack of knowledge on the meaning of definitions. CTD was
observed to affect the way PSTs-M make definitions and use mathematical notations and verbal expressions, contributing to
their mathematical language and communication skills. Similarly, Moore (1994) indicated that definitions have a positive impact
on the mathematical language and communication skills of students. On the basis of this idea, the study considers the teaching
of definitions ensures the meaningful instruction of mathematical concepts. In a study conducted with university-level students
of mathematics, Dickerson and Pitman (2016) stated that even though the students in question receive advanced mathematics
education, they were unable to define basic concepts like integers, prime numbers, even numbers and real numbers, not
knowing their conceptual significances. CTD is proven to be effectiveness in revealing and eliminating mis-conceptualization
and false concept images among PSTs-M. This is because definitions play a significant role in revealing mis-conceptualization,
weak concept images and inaccurate definitions (Dickerson & Pitman, 2016). During the CTD stage, PSTs-M justified their
explanations and definitions based on axioms and definitions. The analysis of these processes led to the conclusion that
definitions affect the way PSTs-M demonstrate proofs, provide justifications, establish cause-effect relationships, and make
generalisations. The study conducted by Zaslavsky and Shir (2005) with 12th-grade students similarly revealed that definition-
based activities contribute to the proving skills of students, allowing students to make explanations and provide reasoning
based on definitions.

In line with the outcomes obtained from the present study, the following suggestions might be made for future studies:
1. Definitions might be included and prioritised for the development of area-specific knowledge of pre-service mathematics
teachers concerning mathematical concepts during their undergraduate studies. The inclusion of definitions in their subject-

specific courses on mathematics may allow pre-service teachers to make sense of mathematical concepts and definitions at
the conceptual level.
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2. The study was conducted during the course entitled “Fundamentals of Mathematics I” and was limited to the scope of the
number sets dealt with throughout the course. Definition-based teaching for the instruction of different courses and concepts
may allow future researchers to focus on different concepts. This would allow for the creation of a wider working network
for the effectiveness of definitions for mathematical concepts.

3. The present study was conducted with pre-service middle-school mathematics teachers and identified the effectiveness of
teaching through definitions on the definition and conceptualisation capacity of pre-service teachers. A similar syllabus may
be applied through in-service training programmes, enabling the organisation of activities in terms of definition and
conceptualisation capacities of actively working teachers as well. Therefore, one might be able to identify the post-service
effectiveness of definitions for teachers as well as their pre-service effectiveness within the framework of teacher training.
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